Energy flux vector and related wavefield quantities are studied for the propagation of harmonic plane waves in an anisotropic viscoelastic porous medium saturated with viscous fluid. In this dissipative medium, Biot's theory is used to define the propagation of four attenuating waves through different complex-valued slowness vectors. The attenuating waves are considered to be propagating as general inhomogeneous waves. The inhomogeneity strength of an attenuating wave is defined by a non-dimensional parameter. A fixed value of this inhomogeneity parameter is used to calculate the complex slowness vector of any attenuated wave in the medium for an arbitrarily chosen propagation direction. The complex slowness vector is then used to calculate the velocity and direction of energy flux for each of the four waves in the medium. Dissipation of energy is explained in terms of quality factors of attenuation such that the contributions from pore-fluid viscosity and anelastic porous-frame are separated. Deviations of the ray (or group velocity) direction from the propagation direction, the attenuation direction and the propagation-attenuation plane are also calculated. A numerical example is studied to analyse the variations in the energy-flux characteristics with propagation direction and inhomogeneity parameter.
I N T RO D U C T I O N
The accurate analysis of observed seismic attenuation is important for the advancement in knowing the structure of the earth. This is particularly true in exploration industry and in the investigation of tectonic stress and failure where small-scale fracturing and flow of fluid into the fractures is important. The flow mechanism to equilibrate fluid pressure produces a great deal of seismic attenuation at high frequency. Major part of the seismic attenuation inferred from seismograms comes from the intrinsic attenuation (Sams et al. 1997) , which represents the internal frictions between the adjacent material grains not elastically bonded. Whatever be the sources of this attenuation, mathematical models are often required to explain the (rate of) decay of amplitude of seismic waves propagating away from the source. This requires a much deeper insight into the process of wave propagation in realistic models of sedimentary rocks in the crust. Stoll & Bryan (1970 ) used Biot's theory (1962a to study the wave attenuation in saturated sediments. Sams et al. (1997) measured the large intrinsic attenuation in the stratified sequence of water-saturated porous sediments. Pride et al. (2004) studied two mesoscopic scale models to explain the field data on attenuation of P waves in sedimentary rocks. The large intrinsic attenuation observed in various seismic experiments (Sams et al. 1997 ) also motivates to modify the existing mathematical models of wave propagation. In the propagation of plane harmonic waves, attenuation is represented through the complex specification of slowness vectors. The same direction for real and imaginary parts of a complex slowness vector defines the homogeneous propagation of a plane-attenuating wave. Assuming attenuating waves as homogeneous waves, no doubt, simplifies the analytical procedures but it may not be able to explain the attenuation beyond a certain level. Hence, a more realistic (general) analysis of seismic attenuation should consider the propagation of inhomogeneous waves in dissipative media.
Importance of inhomogeneous waves in single-phase viscoelastic media are found in Borcherdt (1977 Borcherdt ( , 1982 and Cerveny & Psencik (2005a,b) . Experimental results (Borcherdt et al. 1986; Hosten et al. 1987) confirm the generation and existence of inhomogeneous body waves and differences in their physical characteristics from elastic body waves. Winterstein (1987) related the quality factor variations in a multilayered medium to the inhomogeneity (angle between propagation direction and direction of maximum attenuation) of attenuating waves. In another study, Carcione (1999) suggested that the differences in amplitude variation with offset (AVO) of waves transmitted at ocean bottom depend not only on the properties of the medium but also on the inhomogeneity of the wave. An earlier study of the present author (Sharma 2005) shows that, compared to velocity, attenuation is more sensitive to the inhomogeneity of waves propagating in dissipative anisotropic poroelastic medium.
Anisotropy and viscoelasticity are the two ubiquitous properties of many rocks in the crust. Anisotropy mainly affects the directional variations in the velocities of seismic waves and viscoelasticity is the main cause of intrinsic attenuation. The decay of wave amplitude with offset, which defines attenuation, is a consequence of dissipation of seismic energy along a ray path. The studies of Carcione & Cavallini (1993) and Cerveny & Psencik (2006) together provide an extensive treatment to dissipated energy and energy related quantities in anisotropic viscoelastic media. The complex-valued energy flux vector is used as a quantity, which fully characterizes the travel and the dissipation of energy of an attenuated wave in the dissipative elastic media.
An anisotropic viscoelastic porous solid saturated with viscous fluid represents a much realistic model for sedimentary or reservoir rocks. Hence, a study on the travel and the dissipation of energy in a dissipative porous medium may be of a reasonable seismic significance. Carcione (2001a) generalized the results obtained for single-phase anisotropic-viscoelastic media (Carcione & Cavallini 1993) to anisotropic poro-viscoelastic media. The numerical illustration of the theory was restricted to the propagation of homogeneous waves in orthorhombic medium. This work of Carcione is an elegant mathematical treatise to study the energy flux characteristics in terms of Umov-Poynting vector. The procedure specified may require to solve a larger complex eigensystem or a complex polynomial of degree eight (Cerveny & Psencik 2006) . This procedure involves not-so-easy mathematics, which have a difficult numerical implementation for anisotropic materials with lesser symmetries. Then, an alternative method with easier algebra and simple algorithm may be a welcome addition.
The work presented studies the same problem, that is, propagation of harmonic plane waves in anisotropic poro-viscoelastic media, but with a different approach based on complex slowness vector. The energy balance equation is derived with complex energy flux and energy densities expressed in terms of slowness vector for the propagation of attenuated plane waves in an anisotropic viscoelastic porous solid saturated with viscous fluid. An attenuated wave in this poro-viscoelastic medium is considered as a general inhomogeneous wave. The harmonic propagation of this wave is represented through a particular specification of its complex slowness vector. A non-zero value of a finite non-dimensional parameter in this specification defines the inhomogeneity strength of the attenuated wave. Quality factor of the wave is defined in terms of dissipated energy and the contributions of pore-fluid viscosity and porous-frame viscoelasticity are separated. The quality factor of an attenuated wave is related to the parameters used in the inhomogeneous specification of its complex slowness vector. These parameters are also used to calculate the decay rates of energy densities and particle displacements. Algorithm is explained for the numerical calculation of various energy-related quantities and the measurable characteristics of energy travel in the medium. The numerical illustration of the theory is presented for a dissipative porous medium of arbitrary anisotropy.
A N I S O T RO P I C P O RO U S S O L I D

Fundamental equations
Following Biot (1962a) , a set of differential equations governs the particle motion in a general anisotropic porous solid frame, of anisotropic permeability, saturated with a viscous fluid. These equations of motion, in the absence of body forces, are given by
where u i are the components of displacements in the solid and w i are the components of average displacement of fluid relative to the solid. Indices can take the values 1, 2 and 3. Summation convention is valid for repeated indices. The comma (, ) before an index represents partial space differentiation and dot over a variable represents partial time derivative. The ρ and ρ f are the densities of porous aggregate and pore-fluid, respectively. The symmetric tensor q controls the inertial as well as viscous coupling between fluid and solid phases. Following Johnson et al. (1987) and Albert (1993) , q can be written in terms of anisotropic permeability (K) and porosity (f ) of solid matrix, and tortuosity of pores (α ∞ ) for non-viscous fluid, as
where I is an identity matrix of order three and i = √ −1. Writing the permeability tensor K (= k o K a ) with maximum permeability value k o , the dissipation matrix d is defined as
where 
where the viscous characteristic length represents the configuration of pores. The value of non-dimensional parameter η is around 1, for most of the porous media. The stress components in porous aggregate τ i j and fluid pressure p f are expressed (Biot 1962a) as
where the fourth-order tensor c i jkl represents the elastic properties of the porous aggregate. The symmetric tensor of elastic parameters m i j represents the elastic coupling between fluid and solid phases of the porous aggregate. Elastic constant R measures the pressure exerted on fluid to saturate the porous solid frame. According to the correspondence principle, the complex values of elastic parameters (c i jkl , m i j , R) define the linear viscoelastic behaviour of saturated porous solid. Strains in the solid matrix (e i j ) and pore-fluid ( ) are expressed as
Energy flux balance
Let the superscript ' * ' to a complex quantity define its complex conjugate. The eqs (1) and (2) are multiplied withu * i andẇ * i respectively and the complex conjugates of eqs (8) and (9) are multiplied with τ i j and − p f respectively. Adding the resulting four equations together yields
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which is similar to eq. (4.11) in Carcione (2001a) . This equation represents the energy balance for any elastic disturbance in an anisotropic inhomogeneous viscoelastic porous medium saturated with viscous fluid. For harmonic waves with time dependence given by e −iωt , this energy balance equation is expressed as
where the real scalars
define the time-averaged kinetic, strain and dissipated energy densities, respectively. F, the time-averaged complex-valued energy flux vector, is defined as
Plane wave propagation
For the propagation of plane harmonic waves, write the displacement components as
where ( p 1 , p 2 , p 3 ) is slowness vector p. On substitution of these displacements in eqs (1) and (2) and using the relations (6)-(9), we get a system of six equations as follows.
where δ ik is Kronecker symbol. This system of equations is solved into
where I is identity tensor. The above system is solved to calculate the polarizations of (U, W) of solid and fluid particles in the porous aggregate.
For propagation of plane waves with slowness vector p, the complex energy flux and relevant energy densities are expressed as follows.
The division of D E identifies the contributions of viscoelastic porous frame (i.e. D p ) and viscous pore-fluid (i.e. D f ) to the total dissipated energy of a wave.
The algebraic manipulation of system of eqs (17) and the complex slowness vector p yield a pair of equations. In terms of the quantities defined in (19), these equations are
The resolution p = P + iA of complex slowness vector defines the propagation vector P and attenuation vector A of an attenuated wave in dissipative media. Then the relations (19) and (20) define several useful wavefield quantities of direct physical significance. Some important among them are listed as follows.
(i) Energy flux G: It is the real part of the complex energy flux F. For plane harmonic waves it is given by G i = ζ Re(ξ i ), where ζ can also be expressed as ζ = 1 2 ω 2 e −2ω An xn . (ii) Total energy E: The sum of kinetic energy and strain energy defines the total energy. For plane harmonic waves
(iii) Energy (or group) velocity vector g: It is the time-averaged energy velocity vector and is defined for plane harmonic waves as
Its magnitude (g = |g|) gives the group (or ray) velocity of the wave and its direction (ĝ = g/g) is the ray direction of the wave.
(iv) Energy angle θ g : It is the angle between propagation vector P and energy flux vector G. For plane harmonic waves, we have
(v) Energy-attenuation angle γ g : It is the angle that energy flux vector G makes with attenuation vector A. For plane harmonic waves, it is defined as
(vi) Quality factor Q: The quality factors for the viscoelasticity of porous frame (Q p ) and the viscosity of pore-fluid (Q f ) are defined as Q
Four attenuated waves
In terms of phase velocity (V ), the complex slowness vector is written as p = N/V , such that complex (or dual) vector N = (N 1 , N 2 , N 3 ) satisfies N.N = 1. On using it in (18) we get a system of Christoffel equations for the propagation of plane harmonic waves in anisotropic viscoelastic porous solid saturated with viscous fluid. The non-trivial solution of this system is ensured by a determinantal equation, which is further solved (see the Appendix) into a quartic equation in a non-dimensional variable h (= ρ f V 2 /R). For the complex coefficients C j defined in the Appendix, the quartic equation is written as
The four complex roots (say, h j ; j = 1, 2, 3, 4) of this equation represent the propagation of four attenuated waves in the medium. The complex velocities of the four waves, given by V j (= Rh j /ρ f ) will be varying with the complex phase vector (or row matrix) N. Following Sharma (2008) , these attenuated waves, with velocities represented by V j , ( j = 1, 2, 3, 4), are called the qP1, qS1, qS2, qP2 waves, respectively.
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I N H O M O G E N E O U S P L A N E WAV E S
The general plane waves propagating in a dissipative medium are inhomogeneous waves (Borcherdt 1982) . These waves exhibit physical properties which are different from the body waves in elastic media. According to Caviglia et al. (1990) , a plane wave is said to be inhomogeneous if its slowness vector is complex valued. The real and imaginary parts of complex slowness vector are termed as propagation vector and attenuation vector, respectively. In general, the inhomogeneity of an attenuated wave is represented through the difference in the directions of its propagation vector and attenuation vector. Letn be the (general) direction of propagation of an inhomogeneous plane wave. Consider a plane formed by two orthogonal unit vectorsn andm such that it contains the attenuation vector of the inhomogeneous wave. Then, the complex slowness vector (p) is expressed as
In this expression, the attenuation coefficient β and propagation velocity v are the (real) unknowns to be determined for given propagation directionn, orthogonal directionm and inhomogeneity parameter δ. The expression p = N/V , such that N.N=1, of complex slowness vector is used in (27) to yield
Note that, for a given value of δ, the complex vector N is a vector function of only one (real) unknown β. This implies that each root h(N) of the eq. (26) also becomes a function of one unknown β. Hence, the value V 2 (= Rh/ρ f ) can be expressed as a complex function of β, that is, V 2 (β). This yields a complex equation
which, on resolving, yields two real equations. The imaginary part
gives an equation to be solved for β using a numerical method, and the real part The specification (27) of complex slowness vector defines the propagation and attenuation of a general inhomogeneous wave. With δ = 0, the reduced specification represents the homogeneous wave with same direction (i.e.n) for propagation as well as attenuation. In the general specification, we have propagation vector P =n/v and attenuation vector A = (βn + δm)/v. Then, the characteristics of energy flux defined in the previous section are explained as follows.
One more angle (ψ g ) related to ray direction is defined as
This angle measures the deviation of energy velocity vector (g) out of the propagation-attenuation (i.e.n −m) plane. For energy travel confined to propagation-attenuation plane, we have ψ g = 0 and then γ g = θ g − γ and Q −1 = 2β + 2δ tan θ g , where γ = cos −1 (β/ β 2 + δ 2 ) is the angle between P and A. Another relation that measures the decay of amplitude of displacement of particles in propagation-attenuation plane may be of some practical importance. Along any given direction inn −m plane making an angle (say) α withn, an amplitude reduces to half at every distance r A , given by
Such a distance along a general directionr is given by r A = vln2 ω (βn.r+δm.r) . A similar relation for energy yields r E = 0.5r A , which implies that at the distance r A , amplitude reduces to half but each energy density reduces to one-fourth.
C A L C U L AT I O N A L G O R I T H M
The mathematical expressions derived in previous sections enable us to compute the phase velocity (v), energy velocity vector (g) and quality factor (Q) for the inhomogeneous propagation of each of the four attenuated waves in a viscoelastic porous solid saturated with viscous fluid. The main part of the calculation procedure is the specification of complex slowness vector for a general inhomogeneous wave, through the evaluation of phase velocity (v) and homogeneous attenuation (β) for the chosen values of phase direction (n) and inhomogeneity parameter (δ). The complete procedure to calculate the energy flux vector and other energyrelated quantities for an inhomogeneous wave is explained as follows.
(i) Choose a propagation directionn and the corresponding orthogonal directionm to identify the propagation-attenuation plane.
(ii) A value is chosen for δ, which defines the strength of an inhomogeneous wave in the medium. Then, the dual vector N becomes a function of only real unknown β. Using it in (26) yields V 2 as a function of β, for the wave considered (any of the four attenuated waves in the medium).
(iii) The V 2 (as a function of β), when used in (30), yields a transcendental equation in β, which is solved through a numerical method. In this study, bisection method is used to solve the eq. (30). The value of β obtained as the root of (30) is used in (29) to calculate the corresponding phase velocity v.
(iv) The values of v, β and δ are used in (27) to calculate the complex slowness vector p for the inhomogeneous wave considered. This p is used in (18) to calculate the polarizations (U j , W j ) and then in (19) to calculate complex-valued energy-flux F. 
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N U M E R I C A L E X A M P L E
A numerical example is considered to analyse the variations in the wavefield characteristics, defined by g, Q −1
f , ψ g , θ g and γ g , with the propagation direction (n) and inhomogeneity parameter (δ). The numerical model is considered for North Sea sandstone, a general anisotropic porous reservoir rock of density ρ = 2216 kg m The propagation directionn = (sin θ cos φ, sin θ sin φ, cos θ ) represents a general direction (θ, φ) in 3-D space. For this study, the propagation direction is considered with θ varying from 0 to 90
• in a fixed vertical plane φ = 0.23π . In this propagation-attenuation plane, the orthogonal vectorm is considered along θ + π/2. The inhomogeneity variations of attenuated waves are represented through the −0.2, 0.1, 0.3 values of δ.
Group velocity g, out-of-plane deviation angle ψ g , energy angle θ g , energy-attenuation angle γ g , viscous-fluid quality factor Q f and viscoelastic-frame quality factor Q p are computed for each of the four attenuated waves of given inhomogeneity δ, propagating along a given phase direction θ. The variations of these ray-field quantities with θ and δ are presented in Figs 1-4 . Details are as follows.
The Fig. 1 exhibits the variations of wavefield characteristics of qP1 wave. From the plots of group velocity g, it is noted that g decreases with the increase in the magnitude of inhomogeneity parameter δ. Such a decrease is nearly the same for all phase directions. Similar trend is observed for Q −1 f , which represents the attenuation due to viscous fluid. The contribution of viscous fluid to the total attenuation may not be more than five percent. This contribution of fluid viscosity to the dissipated energy reduces further for the propagation of strong inhomogeneous qP1 wave. On the other hand, the increase in the value of Q −1 p with δ implies that the energy dissipation due to the viscoelasticity of porous frame increases with the increase in the inhomogeneity strength of the wave. The direction of energy travel (or ray direction) is found to be slightly deviated from the phase direction. This deviation (i.e. ψ g ) is not more 6
• out of the propagation-attenuation plane. Also, the deviation of ray from the phase direction is observed to be less than 6
• . Both these deviations increase with the change of propagation from (100) to (010) but are nearly unaffected with the change in the strength of inhomogeneous qP1 wave. The third angle (γ g ) that measures the deviation of ray from the direction of maximum attenuation shows a clear increase with the increase of inhomogeneity strength. This angle does not change much with the propagation direction but it vanishes when the wave is homogeneous (i.e. δ = 0).
The variations of energy characteristics of qS1 wave are shown in Fig. 2 . It is observed that effect of change in δ on group velocity and quality factor is very similar to that in Fig. 1 . However, the contribution of fluid-viscosity to the total attenuation of qS1 wave may increase upto 15 per cent. The anisotropy of the medium shows larger effect on g and Q f as compared to Q p . The ray direction of qS1 wave is quite sensitive to its inhomogeneity strength as well as propagation direction. The deviation of ray direction out of the propagation-attenuation plane is not much larger than the 6
• deviation of qP1 wave. However, the deviation from phase direction (i.e. θ g ) is about 8
• , which is little larger than for qP1 wave. The variations of γ g are nearly the same as in Fig. 1 . For the propagation of qS2 wave, the energy characteristics are shown in Fig. 3 . The variations in group velocity and attenuation coefficients with δ are quite similar to those in Fig. 2 . However, the contribution of fluid-viscosity to the total attenuation of qS2 wave may be twice of that in qS1 wave. This increase is compensated by the corresponding decrease in the attenuation from viscoelastic porous frame. Ray direction may deviate upto 8
• on either side of the propagation-attenuation plane. The deviation of ray direction from the phase direction may be a bit larger for qS2 wave than for qS1 wave. γ g is nearly the same as in Fig. 2 .
The ray-field quantities of the slowest of the four waves, that is, qP2 wave, are quite different from the other three waves in the medium. Their variations with propagation direction (θ) and inhomogeneity (δ) are presented in Fig. 4 . The attenuation suffered by this wave is caused mainly by the viscosity of the pore-fluid. The contribution of viscoelastic porous frame to the total attenuation may not be much larger than five percent. Attenuation increases clearly with the increase of inhomogeneity strength of the wave. Such an increase may not change much with any change in the propagation direction. The ray direction of qP2 wave may not deviate much from the propagation-attenuation plane. However, the angle between phase direction and ray direction (i.e. θ g ) is going upto 12
• which is a bit larger than for other three waves. As compared to other waves, the ray direction of qP2 wave is closer to its attenuation vector. The significant variations of γ g with θ are observed for qP2 wave, which is different from the nearly isotropic behaviour of γ g for other three waves.
C O N C L U D I N G R E M A R K S
The crustal rocks can, more closely, be modelled as fluid-saturated porous solids pervaded by aligned cracks. Hence, an anisotropic viscoelastic porous solid saturated with viscous fluid makes a much realistic geophysical model to be used for seismic characterization of sedimentary or reservoir rocks. In particular, such a composite physical model (Carcione 2001b) facilitates the parametric studies of the influence of various measurable physical properties of the medium (i.e. porosity, permeability, pore-fluid viscosity, frame anelasticity, elastic/hydraulic anisotropy, pore-size, etc.). Carcione & Cavallini (1993) studied the characteristics of energy flux in an anisotropic viscoelastic medium. This study is modified recently by Cerveny & Psencik (2006) for geophysical applications. The work presented is a similar study that explores the study of Carcione (2001a) , which is concerned mainly to generalize the results obtained by Carcione & Cavallini (1993) to anisotropic poro-viscoelastic media. A transparent sequential procedure is explained to calculate the energy velocity and quality factor of each of the four attenuated waves in dissipative poroelastic medium. The transparency comes from the explicit specification of complex slowness vector involving phase velocity, propagation direction and two attenuation parameters. Following are the main points of this work.
(i) In Carcione (2001a), Biot's equations are formulated in terms of v = ∂ t u s and q = φ(∂ t u f − ∂ t u s ) whereas in this work (u, w) formulation is used to derive the energy balance equation. However, the derived energy balance equation is same in both the formulation but the work presented provides an inlet to identify and separate the contributions of porous-frame viscoelasticity and pore-fluid viscosity to the total dissipated energy. This enables to calculate their respective shares in the quality factor of attenuation. A similar separation, in terms of propagation vector and attenuation vector, has been obtained by Rasolofosaon (1991) for isotropic poroelastic medium.
(ii) Carcione (2001a) provided different derivations for the inhomogeneous and homogeneous propagation of attenuated waves. This study considers the propagation of a general inhomogeneous wave, which is represented through a specification of its complex slowness vector. A non-dimensional finite parameter defines the strength of an inhomogeneous wave as a measure of its deviation from the homogeneous wave. That means, for vanishing of this parameter, the same derivations define the homogeneous propagation of the attenuated wave considered. In general, the inhomogeneous wave with its varying strength provides the liberty to consider the propagation of an attenuated wave varying from homogeneous wave to evanescent wave. Moreover, an inhomogeneous wave defined through the non-dimensional finite parameter does not face the problem of forbidden directions for inhomogeneity angle of attenuated waves (Cerveny & Psencik 2005a,b) .
(iii) A transparent sequential algorithm is specified that enables to compute the energy characteristics for dissipative poro-elastic with arbitrary anisotropy. The mathematical rigor is restricted to solving a complex quartic equation for the complex velocities of four attenuated waves and bisection method to solve a real transcendental equation for a certain real root.
(iv) Analytic relations are obtained for energy flux characteristics in terms of the propagation parameters of an inhomogeneous (attenuated) wave. One of the relations calculates the deviation of energy flux travel outside the propagation-attenuation plane. The rates of decay of displacement amplitude and energy of an attenuated wave can be calculated from its propagation parameters.
(v) It is generally believed that the phenomena associated with viscosity of pore-fluids are the main causes of intrinsic attenuation of elastic waves in reservoir rocks and other fluid-saturated porous materials. In this work, it is observed that the contribution of porefluid viscosity to the attenuation of three faster waves is found to be very small as compared to the effect of anelasticity of porous frame. However, pore-fluid viscosity is the main cause of attenuation of the slowest diffusive wave, which corresponds to the slow P wave in Biot's theory.
To summarize, this study proposes a new procedure to compute the time-averaged complex-valued energy flux of attenuated waves propagating as general inhomogeneous waves in an unbounded anisotropic poro-viscoelastic medium. In this medium of arbitrary anisotropy and linear viscoelasticity, the complex-valued energy flux vector is combined with complex slowness vector to define the energy quantities that are needed in constructing the wavefields of attenuated waves in dissipative porous media. These quantities are the velocity and direction of energy travel, the dissipation of energy and decay of amplitude with distance and the shares of fluidviscosity and frame-anelasticity in the quality factor of attenuation. Relations are derived to relate the energy-flux based ray quantities to the parameters of inhomogeneous propagation of attenuated waves. The ultimate applications of this study are geophysical, whether for hydrocarbon exploration or to the seismic characterization of the solid earth. However, a dissipative anisotropic porous solid makes a realistic elastic model for attenuation studies in composite materials to explore their shock/sound absorbing properties.
A P P E N D I X
The non-trivial solution of Christoffel equations in (18) with p j = N j /V is ensured by the determinantal equation, given by
For h = ρ f V 2 /R, the coefficient matrices are defined as 
